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ABSTRACT
The Fractional Calculus represents a natural instrument to model nonlocal
phenomena either in space or time. From Physics and Chemistry to Biology,
there are many processes that involve different space /time scales. In many
cases, the dynamics of such systems can be formulated by fractional
differential equations which include the nonlocal effects. We give a
panoramic view of some Fractional issues and associated challenges.

• Introduction: Basic remarks. Historical Touch.
(References of Complutense University Group).

• New Mathematical Scenarios.
• Nonlocal phenomena in space and /or time.
Applications (Mars Exploration, New Materials)

What is the Fractional Calculus?
The tools of Fractional Calculus are as old as
Calculus itself !
Fractional Calculus deals with the study of socalled fractional order integral and derivative
operators over real or complex domains, and their
applications.
It translates concepts from integer numbers to
real numbers: The limits exist in the
imagination!!!
The designation of “Integration and Derivation of
Arbitrary Order” is more appropriate.

HISTORICAL DATA

1675: Leibniz introduced the notion of a derivative of order de
orden n of a function
1695: The first published results are cited in a letter from L’Hôpital
to Leibniz: n=1/2.

1661–1704
Leibniz

• Leibniz, Euler, Lagrange, Fourier, Abel, Liouville,Riemann,
Grünwald, Letnikov, Holmgren, Peacock,Tarday, Cauchy,
Hadamard, Hardy, Riesz, Weyl....

1646–1716
L’Hôpital
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Fractional Derivative of
Grünwald-Letnikov

Anton Karl Grünwald
1838–1920
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Aleksey Vasilievich Letnikov
1837-1888

Classic Case
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Classic Case
Derivative of order n: dnf/dxn
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GAMMA FUNCTION
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Mittag-Leffler Function
The Mittag-Leffler function is a generalization of the exponential function which
was introduced by the Swedish mathematician G.M. Mittag-Leffler in 1903.
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(1846-1927)

Derivative of Grünwald–Letnikov
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Definition of Riemann-Liouville
• Georg Friedrich Bernhard
Riemann
(1826–1866)
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• Joseph Liouville
(1809 – 1882)

Definition of Riemann-Liouville
Left Riemann-Liouville fractional integral of order α > 0

Right Riemann-Liouville fractional integral of order α > 0

• Right Riemann-Liouville fractional derivative of
order α

• Left Riemann-Liouville fractional derivative of
order α

n − 1 ≤ α < n, and α > 0.
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Prof. Michele Caputo
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Definition of Caputo
Left Caputo fractional derivative

Right Caputo fractional derivative

where 0 ≤ n − 1 < α < n y la function has n+1continuous and bounded derivatives in
[a,b].
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Basic Considerations
• Calculus Fundamental Theorem:
– dX/dt =F(t) , X(0) =Xo
↓
X(t) = Xo + ∫ot 1 F(τ) dτ
↓
X(t) = Xo + ∫ot K(t-τ) F(τ) dτ
Integral Transform ↔ Fractional Derivative

•
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• New Mathematical Scenarios

Fractional Calculus Framework
• R. L. Magin, “Fractional Calculus in Bioengineering”. Ed. Begell
House Publishers, Inc (2006)
– The purpose of this book is to explore the behavior of biological
systems from the perspective of fractional calculus. Fractional
calculus, integration and differentiation of an arbitrary or
fractional order, provides new tools that expand the descriptive
power of calculus beyond the familiar integer-order concepts of
rates of change and area under a curve”.
– “Fractional Calculus adds new functional relationships and new
functions to the familiar family of exponentials ans sinusoids
that arise in the realm of ordinary linear differential equations.”
• The Fractals and the Fractional Calculus generate parameters of
intermediate order: Dimensions, integration order and arbitrary
derivatives.
– B.J. West, M. Bologna and P. Grigolini,“Physics of Fractal
Operators”. Springer (2003).
– Rocco A. and West B. J., “Fractional calculus and the evolution
of fractal phenomena”, Physica A, 265, 535-546 (1999).

Classic Physics

• Hooke Law:
• Newton Fluid:
• 2nd Newton Law:

F=kx
F = k dx/dt
F = k d2x/dt2

• Other possible fractional scenarios:
F(t) = k dαx(t)/dtα
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Classic Physics

• Diffusion Equation (Parabolic)
• ∂u/∂t =∂2 u/∂x2
• Interpolation:
• ∂αu/∂tα=∂2 u/∂x2
• Wave Equation (Hyperbolic)
• ∂2u/∂2t =∂2u/∂x2

22

PHYSICAL CONTEXTS WITH THE SAME EQUATION
∂u/∂t =∂2 u/∂x2
(*)HenryDarcy,“LesFontainesPubliquesdelaVilledeDijon”(1856)
DARCY (*)
LAW
q=-K Grad h

FOURIER
LAW
Q=-κ Grad T

Heat: Q

FICK
LAW
f=-D Grad C
Solute: f

OHM
LAW
j=-σ Grad V

Flux of

Groundwater
q

Charge: j

Potential

Head: h

Temperature
T

Concentration
C

Voltage: V

Medium
Property

K: Hydraulic
Conductivity

κ:
Thermal
Conductivity

D:
Diffusion
Coefficient

σ:
Electrical
Conductivity

Dirac Fractional Equation
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• We can interpret it as a system with two coupled diffusion processes or
a diffusion process with internal degrees of freedom.
• The components φ and χ satisfy the classical diffusion equation and
they are named difunors in analogy with the spinors of Quantum
Mechanics.
• It is other panoramic view of the possible interpolations between the
hyperbolic operator of the wave equation and the parabolic one of the
classical diffusion equation.
• According to the representation of the Pauli algebra of A and B, we
have either an uncoupled system or a coupled system of equations.
1 0 
 0 1
, B  

A  
0

1

1
0





 0 1
 0 1
, B  

A  
 1 0
 1 0

t   
 
 t    



  0
A 

B
x
t 

  2



  u   2u  0
t  x 2

Time Inversion (t—>-t)
• If α=1 we have the Dirac and wave equations which are
invariant under time inversion.
• If α=½ the classical diffusion equation and its square root
are not invariants under time inversion.
• Interpolation for : 0< α < 1. The invariance under time
inversion is satisfied for
• Dirac Fractional Equation:
• Diffusion Fractional Equation:
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Space-Time Inversion (x—>-x, t—>-t)
• Both equations are invariants under space inversion.
• Interpolation : 0< α < 1. The invariance under space-time
inversion is satisfied for the same values of α in both
equations:

-------------------------------------------------------------------------The fractional Dirac equation is not invariant under time
traslations due to the nonlocal behaviour of the fractional
time derivative.

OTHER FRACTIONAL DIFFERENTIAL EQUATIONS WITH
INTERNAL DEGREES OF FREEDOM:
The 1/3-root of the Wave and Diffusion Equations
• Wave Equation:
P∂t 2/3 φ +Q∂x2/3 φ = 0

• Diffusion Equation:
P∂t 1/3 φ +Q∂x2/3 φ = 0
• P3 = I , Q3 = -I
• PPQ + PQP + QPP = 0 ; QQP + QPQ + PQQ = 0,
• A possible realization is in terms of the matrices 3x3 associated to
the Silvester Algebra:
Where:
0 0 1
0 0 1
P= ω2 0 0
Q= Ω ω 0 0
0 ω 0
0 ω2 0
being ω a cubic root of unity and Ω a cubic root of the negative
unity.
• φ has three components

CONTINUOUS MEDIA THEORY:
TIMOSHENKO EQUATION-(1)
∂4φ/ ∂x4-(a2 +b2) ∂4φ / ∂x2 ∂t2 +a2 b2 ∂4φ/ ∂t4+ a2 c2 ∂2φ/ ∂t2=0
• Flexural vibrations of an infinite uniform beam free from lateral
loading and including the shear deflection of the beam:
– 1/a has the dimension of a velocity.
– 1/b has the dimension of a velocity and it is related to the shear
modulus of elesticity.
– c=1/R, R is the radius of gyration of the cross section.

• The Timoshenko equation was introduced to avoid the unphysical
behaviour of the Rayleigh equation a2 c2 ∂2φ/ ∂t2 + ∂4φ/ ∂x4 = 0,
which is not accurate to describe the effect of impact loads on a
beam: the phase and group velocities tend to infinity as the wave
length tend to zero.
» ω = k2 /ac

CONTINUOUS MEDIA THEORY:
TIMOSHENKO EQUATION-(2)
∂4φ/ ∂x4-(a2 +b2) ∂4φ / ∂x2 ∂t2 +a2 b2 ∂4φ/ ∂t4+ a2 c2 ∂2φ/ ∂t2=0

• If a=b the square root of Timoshenko equation has a
simple algebraic structure:
• i a c ∂φ/ ∂t = a2 ∂2φ/ ∂t2 - ∂2φ/ ∂x2
• We can name this equation:
Schrödinger—Klein-Gordon equation
• The dispersion relation is: ω = (k2- a2 ω2) /ac
• Relativistic and nonrelativistic properties.
• Ifa≠bthealgebraicstructureismorecomplicated.

Numerical Approach to Fractional
Differential Equations
• FODEs  FPDEs (anomalous diffusion or
dispersion)
• Linear Cases: Accuracy, Underlying Continuous
Symmetries, Convergence, Stability, Von Neuman stability
analysis, Fourier Method, Energy Method.
• Nonlinear Cases: many open questions.
– Changpin Li and Fanhai Zeng “Finite Difference Methods for
Fractional Difference Equations” International Journal of Bifurcation
and Chaos 22, nº 4, 1230014 (28 pages) (2012).
– Hongguan Sun and Wen Chen “Finite Difference Schemes for
Variable-order Time Fractional Diffusion Equation”. International
Journal of Bifurcation and Chaos 22, nº 4, 1250085 (16 pages) (2012).

• Nonlocal phenomena in space /
time. Applications

NONLOCALITY:
IN SPACE : Long Range Interactions (Many Space Scales)
IN TIME : Effects with Memory / Delay (Many Time Scales)
INTEGRODIFFERENTIAL // INTEGRAL EQUATIONS

Scenarios of Integral Equations
• Potential Theory: Newton’s inverse square law of gravitational
attraction and Coulomb’s law in electromagnetism.
• Problems in Geophysics: Three dimensional map of Earth’s interior.
Gravimetric methods.
• Problems in Electricity and Magnetism.
• Hereditary Phenomena in Physics (materials with memory;
hysteresis) and Biology (ecological processes: accumulation of
metals).
• Problems in Population Growth and Industrial Replacement.
• Radiation Problems.
• Optimization, Automatic Control Systems.
• Communication Theory.
• Mathematical Economics.
– R.T.BaillieandM.L.King(Eds.1996)“FractionalDifferencingand
LongMemoryProcesses”.J.Econometrics73,1-324.

The idea, that physical phenomena such as
diffusion can be described by fractional
differential equations, raises at least two
fundamental questions:
(1) Are mathematical models with fractional
space and/or time derivatives consistent
with the fundamental laws and fundamental
symmetries of nature ?
(2) How can the fractional order of
differentiation be observed experimentally
or how does a fractional derivative emerge
from models without fractional derivatives?
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APPLICATIONS
The Solar Radiation and the Atmospheric Dust. Empirical Laws
and Fractional Calculus Modeling.

Electromagnetic Waves and Fractals

Metamaterials
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Motivation for developing a Radiative Transfer Model
(RTM)
Martian atmosphere is very
different
to
the
Earth
atmosphere.
It helps to characterize
radiative environment at
Martian surface.

the
the

It is necessary to maximize the
scientific
return
of
solar
radiation
measurements
on
Mars.

(W/m2)

S0
Pressure (hPa)
CO2 (%)
N2 (%)
Ar (%)
O2 (%)
H2O (%)
Amount of dust
Amount of clouds

Mars
589
6 to 9
95.32
2.7
1.6
0.13
0.02
High
Low

Earth
1367
1013
0.04
78
0.9
21
Variable
Low
High

Comparison between some parameters for Mars and Earth

Radiation has to be studied in
the same bands of the present
and future instruments that will
be sent to Mars.
37

Model inputs
In order to calculate the radiative fluxes that reach the
surface, it is necessary to know:
The radiation at the top of the atmosphere (TOA)
The radiative properties of the atmosphere

Model inputs are:
Dust optical depth
Water ice clouds optical depth
Dust size distribution
Water ice particle size distribution
Abundance of each gas
Surface pressure
Local time (hour angle)
Surface albedo
Orbital position of Mars (areocentric longitude, Ls)
Latitude
Wavelength range

By modifying those parameters, a great number of
scenarios can be defined
38

Calculating the fluxes

Two methods can be used: The delta-Eddington
approximation and the Monte-Carlo method.

Delta-Eddington: Very low computing time. Suitable also
for sensitivity studies.

Monte-Carlo: Provides additional information, which
becomes necessary for some purposes.

Main advantage of using two methods: We can select the
one that best meets the requirements of the desired
information.
39

Introduction
Dust aerosols have a direct effect on both surface and
atmospheric heating rates, which are also basic drivers of
atmospheric dynamics.
Aerosols cause attenuation of the solar radiation traversing the
atmosphere, modeled by the Lambert-Beer-Bouguer law, where
the aerosol optical thickness is approximated by Angstrom law.
The measure of the amount of solar radiation at the Martian
surface will be useful to gain some insight into the following
issues:
1)UV irradiation levels at the bottom of the Martian atmosphere to

use them as a habitability index.
2) Incoming shortwave radiation and solar heating at the surface.
3) Relative local index of dust in the atmosphere.

Foundations of propagation of radiation in a medium
Attenuation of the radiation
The attenuation of solar radiation traversing the atmosphere is
modeled by the Lambert-Beer-Bouguer law, as it explained in
Angstrom, 1929 [1] and Cachorro et al., 1987 [2]:
The Lambert-Beer-Bouguer law establishes that the direct
solar irradiance F (λ) at the Mars’s surface at wavelength λ is
given by
F (λ) = DF0(λ)e−τ (λ)m, (1)
where F0(λ) is the spectral irradiance at the top of the atmosphere, m is the absolute air mass, D is the correction factor for
the earth-sun distance, and τ (λ) is the total optical thickness at
wavelength λ.

Foundations of propagation of radiation in a medium
Relevance of the aerosol optical thickness
The total optical thickness is the sum of:

the molecular scattering optical thickness τr (λ),
the absorption optical thickness for atmospheric gases (O2, O3, H2O,
CO2...) τg (λ),
and the aerosol optical thickness τa(λ), obtained by solar spectral
irradiance measurements through Angstrom Law:
τa(λ) can be approximated over a limited wavelength range:

α is related to the size distribution of the scattering particles,
β is the extinction coefficient for 1 µm wavelength, which
depends on the concentration of aerosols in the atmosphere.

Foundations of propagation of radiation in a medium
For the Martian solar irradiance, simulations of radiative
transfer have been obtained in Córdoba and Vázquez, 2003
[3], for α = 1.2 and β =0.3, corresponding to an aerosol optical
thickness τa = 0.6:

Foundations of propagation of radiation in a medium
In Kaskaoutis and Kambecidis, 2006 [4], real data are shown:

Present and Future Work
Dust and Solar Radiation diffusion
•Different levels of radiative transfer codes (*)
• Systematic study according to the different components of the atmosphere
•Competition among the different length scales in the atmosphere: gas, dust and
electromagnetic wave lengths.
•Application of the fractional calculus models

• Stationary and dynamical models
To cross the data from different instruments in the same mission.
Cloud Computing Simulations

(*) Stamnes, K., S.C. Tsay, W. Wiscombe, and K. Jayaweera. Numerically stable algorithm for discrete-ordinate-method radiative
transfer in multiple scattering and emitting layered media. Appl. Opt., 27, 2502–2509, 1988
(*) Stamnes, K., S.C. Tsay, W. Wiscombe, and I. Laszlo. DISORT, a general-purpose FORTRAN program for Discrete-Ordinate
Method radiative transfer in scattering and emitting layered media. Documentation of methodology, version 1.1, 2000.

WAVES + FRACTALS  FRACTIONAL CALCULUS
• XIX Century: James Clerk Maxwell and Lor Rayleigh
studied the interaction of electromagnetic waves with
Euclidean regular structures (cilinders, spheres,…).
• There are either nonregular artificial structures or from
Nature that show many lenght scales and they are no
suitable to be studied in the Euclidean context:
• Nonregular surfaces, disordered media, structures
with specific properties of scattering,..etc.
• Relation between the geometrical parameters
(structure descriptors) and the physical quantities
that characterize electromagnetically the system.
• Tecnology: New space and time scales.

WAVES + FRACTALS  FRACTIONAL CALCULUS
• Geometrical Optics:
• Wave length λ<<<< Dimension of any change in the media.
The eikonal is not longer valid.
• The Geometrical Optics cannot be applied in fractal media.

• Stationary eigenvalue problem:
– Wave equation in a fractal potential.
– Wave equation with fractal boundary conditions:
Ex. Lu= λu
-L is a linear differential operator on Rn with boundary conditions
u0(x) on a non-differentiable surface but which admits the fractional
derivative Dβwithβ<1.
- IfwedefineΦ=Dβ-1 u,wehavetheproblemLΦ =λΦwiththe
boundaryconditionΦ0(x),beingΦdifferentiable
The new boundary problem is smooth!

Electromagnetic waves in a medium with various scales
•Fractals (auto similar): in a certain range of scales.
•
•
•
•

•
•
•
•

•
•

Menger's sponge which is a 3D version of Cantor's bar fractal.
They are manufactured with metallic and dielectric elements.
Differential equations in fractal media (open field!)
Approximation: fractal media is a continuous medium in a space with a non-integer
dimension (Fractional Calculus).

M. W. Takeda, S. Kirihara, Y. Miyamoto, K. Sakoda and K. Honda, “Localization of
electromagnetic waves in three dimensional fractal cavities”. Physical Review Letters 92(9),
093902(4), (2004).
V. E. Tarasov, “Electromagnetic waves in non-integer dimensional spaces and fractals”. Chaos,
Solitons and Fractals 81, 38-42 (2015).
L. Vázquez and H. Jaffari (Eds.) “Fractional Calculus: Theory and Numerical Methods” Central
European Journal of Physics, Vol 11, Issue 10, October 2013.
V. V. Konotop, Zhang Fei and L. Vázquez, “Wave interaction with a fractal layer”. Physical
Review E 48, 4044-4048 (1993).
S. A. Bulgakov, V.V. Konotop and L. Vázquez, “Wave interaction with a random fat fractal:
Dimension of the reflection coefficient”. Waves in Random Media 5, 9-18 (1995).
S. Kirihara, M.W. Takeda, K. Sakoda, K. Honda and Y. Miyamoto, “Strong localization of
microwave in photonic fractals with Menger-sponge structure”. Journal of the European Ceramic
Society 26, 1861-1864 (2006).

METAMATERIALS
Experiments + Computations + Models
Departamento de Matemática Aplicada, Facultad de Informática,
Universidad Complutense de Madrid.
•Departamento de Matemática Aplicada a las TIC, ETSI Telecomunicación,
Universidad Politécnica de Madrid
•IKI: Institute for Space Researches, Russian Academy of Sciences,
Moscow.
•Joint Institute for High Temperatures, Russian Academy of Sciences.
GOALS

•Study of Electromagnetic Structures with negative values of
electrical permittivity and / or magnetic permeability. Media
made of dielectrics / ceramics (Maxwell's displacement
current)
•Numerical Simulations of Maxwell Equations in 3+1 dimensions +
Cloud Computing

Basic References
•V.G. Veselago “The electrodynamics of substances with simultaneously
negative values of ε and μ “. Sov. Phys. Usp. 10 , 509 (1968).
•J.B. Pendry “Negative refraction makes a perfect lens”. Phys. Rev. Lett. 85
, 3966-3969 (2000).
•R. Marques, F. Martin and M. Sorolla. “Metamaterials with negative
parameters: theory and microwave applications”. Wiley, Hoboken, New
Jersey, 2008.
•9. “Electromagnetic and acoustic waves in metamaterials and structures”
(Scientific session of the Physical Sciences Division of the Russian
Academy of Sciences, 24 February 2011) Physics-Uspekhi 54(11), 11611192 (2011).
•A.B. Shvartsburg, A.A. Maradudin, “Waves in gradient metamaterials”,
World Scientific Pub. Co., Singapore: Hackensack, N.J., 2013.
•9. 11. M. Lapine, I. V. Shadrivov and Yuri S. Kivshar, “Colloquium:
nonlinear metamaterials”, Reviews of Modern Physics 86, 1093-1123
(2014).

Experimental Motivation
•With the emergence of new technologies, it is possible to prepare artificial
materials that allow the manipulation of electromagnetic waves to generate
impossible scenarios in natural materials. For example, metamaterials can block,
absorb, enhance or bend electromagnetic waves to create invisible regions,
high performance antennas, or high resolution lenses.
•Explore the propagation of electromagnetic waves in the Antieikonal regime that
is not fully characterized:
•Eikonal limit: The properties of the medium (D) vary very slowly
λ / D << 1 at distances of the order of the wavelength (λ).
• Antieikonal Limit: The properties of the medium (D) vary very rapidly
λ / D >> 1 at distances of the order of the wavelength (λ).
•Exploration in the case of materials with negative values of the electrical
permittivity ε and / or the magnetic permeability μ.

MAXWELL EQUATIONS

Publications of the joint project
•
•

•

•

•

L. Vázquez, S. Jiménez and A.B. Shvartsburg “The wave equation: From eikonal to
antieikonal approximation”. Modern Electronic Materials 2, 51-53 (2016).
A.B. Shvartsburg, V.Ya. Pecherkin, L.M. Vasilyak, S.P. Vetchinin and V.E. Fortov,
“Resonant microwave fields and negative magnetic response, induced by displacement
currents in dielectric rings: theory and the first experiments”. Scientific Reports (Nature
Group) 7, 2180-2188 (2017).
A B Shvartsburg, V Ya Pecherkin , S Jiménez, L M Vasilyak, S P Vetchinin,
L Vázquez
and V E Fortov “Sub wavelength dielectric elliptical element as an
anisotropic
magnetic dipole for inversions of magnetic field”, J. Phys. D: Appl. Phys. 51 (2018)
475001
“Tunneling and Filtering of Degenerate Microwave Modes in a Polarization-Dependent
Waveguide Containing Index Gradient Barriers”. A.B. Shvartsburg, S Jiménez, NS
Erokhin, L Vázquez. Physical Review Applied, 11 (4), 044056 (2019).
“Resonant Phenomena in all rectangular dielectric circuit induced by plane wave” A.B.
Shvartsburg, V Ya Pecherkin, S. Jiménez, L.M. Vasilyak, L. Vázquez and S.P. Vetchinin.
Journal of Physics D (2020, in press)
– This invisibility effect can be useful for creating highly transparent or cloaking effect
materials in the optical, terahertz, and microwave ranges .
– The dielectric rectangle circuits can serve as elements for designing metamaterials or
dielectric antennas for several different resonant frequencies.

Invisible Materials
• Suggestive and promising research area
• On some frequencies!

•

Invisibility has been a fascinating subject since ancient
times.

• Mythology: Ring of Gyges (Plato, Book II of "The Republic ”)
Fair / unfair behavior.
• J.R.R. Tolkien: “Lord of the Rings”
• Films of Harry Potter
• Titanfall 2

Thank You Very Much

بہت بہت شکریہ
ਤੁ ਹਾਡਾ ਬਹੁਤ ਧੰਨਵਾਦ ਹੈ
Muchas Gracias

References of Complutense University Group.
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Motivation for developing a RTM

Martian atmosphere is very
different
to
the
Earth
atmosphere.
It helps to characterize
radiative environment at
Martian surface.

the
the

It is necessary to maximize the
scientific
return
of
solar
radiation
measurements
on
Mars.

(W/m2)

S0
Pressure (hPa)
CO2 (%)
N2 (%)
Ar (%)
O2 (%)
H2O (%)
Amount of dust
Amount of clouds

Mars
589
6 to 9
95.32
2.7
1.6
0.13
0.02
High
Low

Earth
1367
1013
0.04
78
0.9
21
Variable
Low
High

Comparison between some parameters for Mars and Earth

Radiation has to be studied in
the same bands of the present
and future instruments that will
be sent to Mars.
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Model inputs
In order to calculate the radiative fluxes that reach the
surface, it is necessary to know:
The radiation at the top of the atmosphere (TOA)
The radiative properties of the atmosphere

Model inputs are:
Dust optical depth
Water ice clouds optical depth
Dust size distribution
Water ice particle size distribution
Abundance of each gas
Surface pressure
Local time (hour angle)
Surface albedo
Orbital position of Mars (areocentric longitude, Ls)
Latitude
Wavelength range

By modifying those parameters, a great number of
scenarios can be defined
69

The role of the atmospheric components

Spectral behavior of the scattering and absorption optical depths (subscripts s and a) of dust, water
ice clouds, and gas molecules (subscripts d, c, and g) for a “clear” scenario.Vicente-Retortillo, A. et
al. (2015). A model to calculate solar radiation fluxes on the Martian surface. Journal of Space
70
Weather and Space Climate, 5, A33, DOI: 10.1051/swsc/2015035.

Calculating the fluxes

Two methods can be used: The delta-Eddington
approximation and the Monte-Carlo method.

Delta-Eddington: Very low computing time. Suitable also
for sensitivity studies.

Monte-Carlo: Provides additional information, which
becomes necessary for some purposes.

Main advantage of using two methods: We can select the
one that best meets the requirements of the desired
information.
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The delta-Eddington approximation

B  E  exp  /  0 
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Results: Diurnal evolution of solar fluxes

Diurnal evolution of the direct (B, blue line), diffuse (D, green line), and total (T, red line) surface solar flux for
four combinations of latitudes and dust opacities during the Northern Hemisphere winter solstice.
Vicente-Retortillo, A. et al. (2015). A model to calculate solar radiation fluxes on the Martian surface. Journal of
Space Weather and Space Climate, 5, A33, DOI: 10.1051/swsc/2015035.
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Empirical Laws and Fractional Calculus Modeling

74

Introduction
Dust aerosols have a direct effect on both surface and
atmospheric heating rates, which are also basic drivers of
atmospheric dynamics.
Aerosols cause attenuation of the solar radiation traversing the
atmosphere, modeled by the Lambert-Beer-Bouguer law, where
the aerosol optical thickness is approximated by Angstrom law.
The measure of the amount of solar radiation at the Martian
surface will be useful to gain some insight into the following
issues:
1)UV irradiation levels at the bottom of the Martian atmosphere to

use them as a habitability index.
2) Incoming shortwave radiation and solar heating at the surface.
3) Relative local index of dust in the atmosphere.

Foundations of propagation of radiation in a medium
Attenuation of the radiation
The attenuation of solar radiation traversing the atmosphere is
modeled by the Lambert-Beer-Bouguer law, as it explained in
Angstrom, 1929 [1] and Cachorro et al., 1987 [2]:
The Lambert-Beer-Bouguer law establishes that the direct
solar irradiance F (λ) at the Mars’s surface at wavelength λ is
given by
F (λ) = DF0(λ)e−τ (λ)m, (1)
where F0(λ) is the spectral irradiance at the top of the atmosphere, m is the absolute air mass, D is the correction factor for
the earth-sun distance, and τ (λ) is the total optical thickness at
wavelength λ.

Foundations of propagation of radiation in a medium
Relevance of the aerosol optical thickness
The total optical thickness is the sum of:

the molecular scattering optical thickness τr (λ),
the absorption optical thickness for atmospheric gases (O2, O3, H2O,
CO2...) τg (λ),
and the aerosol optical thickness τa(λ), obtained by solar spectral
irradiance measurements through Angstrom Law:
τa(λ) can be approximated over a limited wavelength range:

α is related to the size distribution of the scattering particles,
β is the extinction coefficient for 1 µm wavelength, which
depends on the concentration of aerosols in the atmosphere.

Foundations of propagation of radiation in a medium
For the Martian solar irradiance, simulations of radiative
transfer have been obtained in Córdoba and Vázquez, 2003
[3], for α = 1.2 and β =0.3, corresponding to an aerosol optical
thickness τa = 0.6:

Foundations of propagation of radiation in a medium
In Kaskaoutis and Kambecidis, 2006 [4], real data are shown:

Foundations of propagation of radiation in a medium

Figure: α for different places and different aerosols: Bolivia - biomass burning;
Zambia - biomass burning; USA - urban/industrial; Mongolia - desert dust;
Bahrein - desert dust; Maldives - rural/ maritime

Foundations of propagation of radiation in a medium
Also, in Adeyewa and Balogun, 2003 [5], a comparison
between parameters α and β is shown:

More real data related to aerosol optical thickness can be
obtained from different official webpages:
https://aeronet.gsfc.nasa.gov/
https://sentinel.esa.int/web/sentil/

Elements of Fractional Calculus
Fractional operators generalize ordinary derivatives and integrals from
integer orders to non-integer orders (Kilbas et al., 2006 [6]).
The existence of different definitions of fractional operators allows a wide
spectrum of possibilities to model real phenomena (Velasco et al., 2015
[7]).

where

is known as Mittag-Leffler
function.

Different modeling scenarios

then

from which we obtain the classical mean square value, associated
to the Brownian motion,

Different modeling scenarios
Wavelength-fractional diffusion equation
Solar radiation in the atmosphere is governed by different time/space
scales. Thus, integro-differential equations could describe a better
modelization.

Solution or Green function is expressed through Mittag-Leffler or Wright
function:

Different modeling scenarios
Second and higher order
moments

Same τa (λ) under different conditions of diffusion or size of scattering
particles

Relation between two aerosols, τa,1 and τa,2

Different modeling scenarios
3D wavelength-fractional diffusion
equation

where coefficients cj , j = 1, 2, 3, taken as constants, correspond to
possible anisotropies along the three spatial directions. The initial profile g
(x ) may correspond, for instance, to the incoming solar irradiance
reaching the top of the atmosphere.

Different modeling scenarios
3D wavelength-fractional diffusion equation: Radial symmetry case
Whenever the dust layers are stratified radially and the spatial
dependence of the radiation is just with the distance and not the
directions, we may consider the radial symmetry case. If the strata are
homogeneous such that c1 =c2 =c3 =1, we perform a standard change of
the function,

Different modeling scenarios
3D wavelength-fractional diffusion equation: Radial symmetry
case
Formally this is a 1D problem that we solve using the same techniques:

where F is the Fourier transform of f and f (2j) is the 2j-order derivative of f .
If we consider r ∈ [0, R] with fixed-end null boundary conditions, the solution
is:

Numerical Methods
We define a discrete mesh with step size h for λ: λn =nh, and
discrete meshes with a common step ∆l for each of the spatial
variables:
xi = i∆l, yj = j∆l, zk = k ∆l;i, j, k ∈ Z.
To represent the second order spatial derivatives we use standard,
second order, centered, finite differences.

We have constructed two numerical methods for the 3D problem
using two different approaches to the Caputo operator:
the Diethelm representation, and the Odibat representation.
We use the notation:

Numerical Methods
Diethelm Representation: Case 0 < α < 1. Truncation error:.

with: dmn = (m + 1)1−α − 2m1−α + (m − 1)1−α, 0 < m < n.
Diethelm Representation: Case 1 < α < 2. Truncation
error:.

with:

Numerical Methods
Odibat Representation: Case 0 < α < 1. Truncation error:

Odibat Representation: Case 1 < α < 2. Truncation error:

With Cnm = (n − m + 1)p−α+1 − 2(n − m)p−α+1 + (n − m − 1)p−α+1,0 < m < n. The
computation of Cnm is much more costly than in the Diethelm approach.

Present and Future Work
Dust and Solar Radiation diffusion
•Different levels of radiative transfer codes (*)
• Systematic study according to the different components of the atmosphere
•Competition among the different length scales in the atmosphere: gas, dust and
electromagnetic wave lengths.
•Application of the fractional calculus models

• Stationary and dynamical models
To cross the data from different instruments in the same mission.
Cloud Computing Simulations

(*) Stamnes, K., S.C. Tsay, W. Wiscombe, and K. Jayaweera. Numerically stable algorithm for discrete-ordinate-method radiative
transfer in multiple scattering and emitting layered media. Appl. Opt., 27, 2502–2509, 1988
(*) Stamnes, K., S.C. Tsay, W. Wiscombe, and I. Laszlo. DISORT, a general-purpose FORTRAN program for Discrete-Ordinate
Method radiative transfer in scattering and emitting layered media. Documentation of methodology, version 1.1, 2000.
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impacting the global climate. The ability to identify and study these vortices from the
acquired meteorological measurements assumes a great importance for planetary
science. Here we present a new methodology to identify dust devils from the pressure
time series testing the method on the data acquired during a 2013 field campaign
performed in the Tafilalt region (Morocco) of the North-Western Sahara Desert.
Although the analysis of pressure is usually studied in the time domain, we prefer here
to follow a different approach and perform the analysis in a time signal-adapted
domain, the relation between the two being a bilinear transformation, i.e. a tomogram.
The tomographic technique has already been successfully applied in other research
fields like those of plasma reflectometry or the neuronal signatures. Here we show its
effectiveness also in the dust devils detection. To test our results, we compare the
tomography with a phase picker time domain analysis. We show the level of agreement
between the two methodologies and the advantages and disadvantages of the
tomographic approach.
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This paper is dedicated to Professor Benyu Guo
Abstract. The dust aerosols have an important effect on the solar radiation
in the Martial atmosphere and both surface and atmospheric heating rates,
which are also basic drivers of atmospheric dynamics. Aerosols cause an
attenuation of the solar radiation traversing the atmosphere and this
attenuation is modeled by the Lambert-Beer-Bouguer law, where the
aerosol optical thickness plays an important role. Through Angstrom law,
the aerosol optical thickness can be approximated and this law allows to
model attenuation of the solar radiation traversing the atmosphere by a
fractional diffusion equation. The analytical solution is available in the case
of one space dimension. When we extend the fractional diffusion equation
to the case of two or more space variables, we need large and massive
computations to approach numerically the solutions. In this case a suitable
strategy is to use the cloud computing to carry out the simulations. We
present an introduction to cloud computing applied to the fractional diffusion
equation in one dimension.
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• Abstract: In this paper we consider the implementation of the "cloud"
computing strategy to study data sets associated to the atmospheric
explorationof the planet Venus. More concretely, the Venus Monitoring
Camera (VMC) onboard Venus Express orbiter provided the largest and
the longest so far set of UV, visible and near-IR images for investigation of
the atmospheric circulation. To our best knowledge this is the first time
where the analysis of data from missions to Venus is integrated in the
context of the "cloud" computing. The followed path and protocols can be
extended to more general cases of space data analysis, and to the general
framework of the big data analysis.

